There have been recent advances in the construction of algebraic curves for certain classes of string solutions in the context of the AdS/CFT correspondence. In this paper we obtain the Lax operators and associated spectral curves for circular and folded string solutions in AdS 5 × S 5 . In addition, we provide an original approach for the reconstruction of string solutions in S 3 from their corresponding curves.
Introduction
The AdS/CFT correspondence [1, 2, 3] is a magnificent duality which in its original setup relates N = 4 supersymmetric Yang-Mills theory and string theory in AdS 5 × S 5 spacetime. The string sigma model in this background is shown to be completely integrable, at least classically [4, 5] . Integrability gives us diverse ways to find exact solutions of superstring theory at the classical level [6, 7, 8] . 1 The methods developed for solving integrable systems [10] are also powerful and efficient tools for the classification of solutions [11, 12] . The Lax formalism can be used to encode important information about the theory in the form of Riemann surfaces known as spectral curves [13] - [17] . Their moduli contain the conserved quantities for the corresponding solution. Thus, instead of analyzing string solutions, we can use the analytical properties of these Riemann surfaces to examine different aspects of the theory.
The construction of algebraic curves for closed-string solutions has been based on analysis of the monodromy around a non-contractible loop going around the closed-string cylinder [14, 17] . The spectral curve has been defined through a Lax operator, which is the derivative with respect to the spectral parameter of the logarithm of the monodromy operator [15, 18, 19] . Related to the finite-gap method in [7] is the construction of Wilson loops with the help of theta functions [20] . Recently the algebraic curves for long folded and circular strings in AdS 5 × S 5 , the null cusp Wilson loop andpotential have been studied [21, 22] , providing important information about the theory.
However, there is a local construction presented in [23] , which does not require the complicated analysis of the asymptotics imposed on the solutions and the monodromy matrix at all. It simplifies considerably the calculation of the Lax operator and can be implemented for certain classes of solutions to sigma-models on group manifolds where one can represent the dependence of the flat connection on one of the worldsheet variables as a similarity transformation with a matrix S(τ ) satisfying S −1 dS = const, i.e. A(τ, σ) = S −1 (τ )A 0 (σ)S(τ ), or respectively A(τ, σ) = R −1 (σ)Ã 0 (τ )R(σ). This is called a factorized flat connection. If the model allows both factorizations, we have a complete factorization. As it turns out, almost all interesting for AdS/CFT correspondence string solutions in AdS 5 ×S 5 admit a factorized flat connection. Some examples have already been considered in [23] , in particular the curve for the folded spinning string in AdS 3 [8, 19] .
In this paper, using the approach presented in [23] , we will construct the spectral curves for circular and folded string solutions in AdS 5 × S 5 . In Section 2 we will discuss briefly the method. In Section 3 we will consider the case of circular strings in AdS 3 × S 3 . Next we will examine the curve for the folded string in S 3 . In Section 5 we will analyse the algebraic curves for circular spinning strings in AdS 5 and R × S 5 . After that we will study the corresponding curves for various rigid strings in AdS 5 . We will conclude with a brief discussion on the results in Section 7. A procedure for the reconstruction of string solutions in AdS 3 and S 3 from their spectral curves will be presented in an Appendix.
General setup
The main goal of this paper is the analysis of classical string solutions through their corresponding spectral curves. We will investigate the dynamics of strings in AdS 5 , S 5 , and their submanifolds AdS 3 and S 3 . These spaces are either group or coset manifolds. Therefore they can be parameterized by a group element g ∈ G, belonging to a certain Lie group G. Consequently, the starting point of our analysis is the worldsheet sigma-model action
where the current j ≡ g −1 dg is the Maurer-Cartan (MC) one-form taking values in the algebra g of G [5] . The worldsheet current j enters the connection A in the following
where we have assumed that the Hodge dual acts as * dτ = −dσ and * dσ = −dτ . We will work with string solutions admitting a factorized connection, which means that A can be expressed either as [23] A
when we have a connection factorized with respect to τ , or
when A is factorized with respect to σ. It is useful to define for later use the following left and right currents j
The equations of motion following from (2.1) constrain the connection A to be flat, i.e. it obeys the condition dA
Taking into account that A is factorized, this leads to the following equation in the case of factorization with respect to τ
When we have factorization with respect to σ, we obtain
By virtue of (2.6) and (2.7) we can define a Lax operator as a rational function of the spectral parameter
for the case of τ -factorization, or
when we have σ-factorization. The above Lax operators can be straightforwardly shown to satisfy the equations
The associated spectral curve Γ is defined through the characteristic equation for the eigenvalues of the Lax matrix [10, 21, 23] 
where n is the dimension of the fundamental representation of g. The solution to (2.11) is an algebraic curve in C 2 . One can prove that 12) where c i (y) are polynomials in y of order n. For the simplest case we are interested in, namely n = 2, (2.11) assumes the form
where we have used that for the backgrounds of interest the algebras g consist of traceless matrices, which also leads to the curve being independent of τ and σ.
In order to construct the Lax operator and the spectral curve it is much easier to work with the corresponding MC equations for the currents, which can be derived in the following way. First we substitute the connection A from (2.2) in equations (2.6) or (2.7), respectively. Then we expand the relevant equation in powers of the spectral parameter z. Thus for τ -factorization we find
where we have denoted j L S by j S . For the case of factorization with respect to σ we have
By solving the above equations for j S or j R and using that the flat connection A follows in a straightforward way from the string solution, we can eventually obtain the Lax operator and curve. In the following sections we will apply this method to construct the spectral curves for circular and folded string solutions in AdS 5 × S 5 .
3 Circular spinning string in AdS 3 × S
3
The first case we will consider is the most general form of a circular rotating string in AdS 3 × S 3 [6, 24, 25] . The metric in global coordinates is
The corresponding solution in embedding coordinates looks like
2)
and in global coordinates
The following relations between parameters of the solution result from the equations of motion
The Virasoro constraints give
wk sinh
The string solution can also be characterized in terms of the following conserved charges
The present solution lives in the direct product of group manifolds AdS 3 and S 3 . The group element of AdS 3 × S 3 takes a block-diagonal form including the individual group elements of the product space AdS 3 × S 3 . In order to find the corresponding algebraic curve we can work with the direct product. However, it is obvious that the curve will actually decompose to two curves: one for the AdS 3 part of the solution and the other for the dynamics in S 3 . Consequently, we intend to analyse separately the two resulting curves.
Curve for circular string in AdS 3
The spectral curve for a similar solution was found in [22] . However, there the author used the approach of [21] , which is different from ours. The parametrization of AdS 3 in embedding and global coordinates is given by
The solution in (3.2) admits complete factorization of the connection, i.e. it can be factorized with respect to both τ and σ. First, with respect to τ we obtain, using (2.14), that
where σ 3 is one of the Pauli matrices. The resulting curve is
(3.12)
By rescaling y we arrive at the canonical hyperelliptic form of the algebraic curve
The energy E and angular momentum S of the string can be expressed in terms of the above coefficients
(3.14)
Another representation of the curve is
with a ramification point 16) and two branch points
The presence of the square factor is due to the complete factorization of the connection as detailed in [23] . It leads also to the spectral curve being a genus-0 Riemann surface. Let us also note that z 2 and z 3 coalesce when the string is located at the center of AdS 3 (ρ 0 = 0), i.e. there are no branch points any more.
To constrain the parameters defining the curve we have used only the equations of motion so far. For consistency reasons let us also impose the Virasoro constraints. If we further restrict the dynamics only to the AdS 3 part of the background, the parameters of the solution obey the following relations
which lead to the algebraic curve
The curve bears (1 − z 2 ) factor originating from imposition of the Virasoro constraints as discussed in [23] . The spectral curve coincides with the curve for long folded strings in AdS 3 [23] .
Let us also investigate the algebraic curve resulting from σ-factorization. In this case the similarity transformation matrix R(σ) and the corresponding constant current can be easily obtained to be
The curve then reads off
21) or in hyperelliptic form
We can also represent the algebraic curve as
which resembles (3.15) as expected.
Curve for circular string in S 3
Our next task is the calculation of the spectral curve for circular rotating strings in S 3 following the same line of consideration. It is useful to have the parametrization of S 3 in embedding and global coordinates. In this particular case it can be expressed as
We will work out the case of the circular string solution given by the ansatz (3.3). The solution again admits complete factorization. The factorization with respect to τ leads to 25) where σ 3 is the third Pauli matrix. After rescaling y we obtain for the resulting spectral curve
It can be seen that again the curve is hyperelliptic, i.e. it has the form y 2 = 4 i=0 c i z i . Another representation of the algebraic curve is
with a ramification point 28) and branch points
The square factor follows from the complete factorization of the connection as detailed in [23] . Its presence means that the spectral curve is a genus-0 Riemann surface. In the special case of dynamics only in S 1 ⊂ S 3 , which translates into θ 0 = 0 and ω 2 = 0 = m 2 , the curve reduces to
i.e. all points coalesce into −m 1 /ω 1 .
If we factorize the connection for the solution with respect to σ, the similarity transformation R and the constant current will become
The curve can be obtained from (3.26) by exchanging ω 1 ←→ m 1 and ω 2 ←→ m 2 . The algebraic curve can also be represented as
We would also like to analyze a particular ansatz describing a string with equal spins
which automatically satisfies the equations of motion. Factorizing the S 3 connection with respect to τ , we get S(τ ) = 1 , j S = 0 . After rescaling y we obtain for the resulting spectral curve
where J = J 1 = J 2 . Starting with σ-factorization, we get for the similarity transformation R and the constant current
The algebraic curve is
4 Spectral curve for folded spinning string in R × S 3 Let us also compute the algebraic curve for the folded spinning string with two angular momenta in S 3 [26] . The corresponding ansatz in global coordinates looks like
The equation of motion for θ takes the form
The solution is expressed in terms of the Jacobi amplitude function
We set c 2 = 0 by imposing that θ(0) = 0. Note that, strictly speaking, the string is folded only for c 1 ≥ 0 and is circular otherwise. The Virasoro constraint is
which, given the solution (4.3), reduces to
The components of the MC one-form can be easily calculated, and clearly the solution is factorized only with respect to τ . We obtain for the constituent S 3 sigma model, using (2.14), that
The resulting curve is given by
It can be noted that in this case the algebraic curve is elliptic, i.e. of genus one. Using the Virasoro constraint, we obtain
As we have mentioned above, the string is folded for κ ≤ ω 2 and circular for κ > ω 2 . At the transition (κ = ω 2 ) we have
Another noteworthy case is the circular winding string, when ω 1 = ω 2 = ω, which leads to θ = nσ, n ∈ Z , with c 1 = −n 2 . The Virasoro constraint becomes κ 2 = ω 2 + n 2 . The relevant spectral curve assumes the form 10) which is practically the same as (3.34), because the corresponding solutions are related to each other by a global SU(2) rotation. In this particular case there are two branch points at ±iω/n. Let us see what happens if we try to obtain the curve via σ-factorization. The constant current is j R = inσ 2 , and
Similarly, the algebraic curve coincides with (3.36).
5 Curves for circular strings in AdS 5 and R × S
5
In this section we will provide the spectral curves for circular spinning strings in AdS 5 and R × S 5 [6, 24, 25] . In particular limits we will recover curves that were studied in preceding sections.
Curve for circular strings in AdS 5
The background AdS 5 is the coset manifold SU(2, 2)/SO(4, 1). The corresponding sigma model can be obtained by utilizing the following parametrization [27, 11] 
The AdS 5 metric in global coordinates is given by
The most universal ansatz for circular strings in AdS 5 leads to rather complicated algebraic curve, which is in general hyperelliptic of genus three. In the transition AdS 5 −→ AdS 3 we recover the curve in (3.12) and a similar one, obtained from (3.12) by replacing κ with −κ. In order to simplify the exposition we consider the following ansatz for a circular string in AdS 5 with two equal spins
3)
The equations of motion are equivalent to
The first Virasoro constraint gives
while the second is automatically satisfied. The above solution admits complete factorization of the connection with 6) which leads to the following spectral curve
where we have denoted c 2ρ 0 ≡ cosh(2ρ 0 ). Imposing the first Virasoro constraint, we get
The connection can also be factorized with respect to σ, in which case we obtain
where we have used the Virasoro constraint.
Curve for circular strings in R × S

5
The five-sphere, which represents the coset manifold SU(4)/SO(5), can be parameterized by [27, 11] 
10)
The background metric is
As in the AdS 5 case the general curve is complicated, therefore we will simplify the analysis. We impose the following ansatz for circular strings in R × S 5 [6] 
The equations of motion reduce to
The first Virasoro constraint reads 14) while the second is automatically satisfied. The corresponding algebraic curve follows from
for the case of τ -factorization. In the restriction S 5 −→ S 3 we recover the curve in (3.34). The spectral curve with imposed Virasoro constraints can be written in the following form
6 Curves for rigid strings in AdS 5
In this section we consider various algebraic curves corresponding to rigid spinning strings in AdS 5 [24, 28, 29] . The string shapes are either circular or folded, depending on the parameters of the solution. We will start with a straightforward generalization of the GKP string with ansatz
The equation of motion for ρ is the same as the one in the GKP case, with a solution expressed in terms of the Jacobi amplitude function
We set c 2 = 0 by imposing that ρ(0) = 0. The Virasoro constraints reduce to c 1 = w 2 . The components of the MC one-form can be easily computed, and clearly we have factorization only with respect to τ . We obtain, using (2.14) , that the constant current j S has the same form as the one for circular strings in AdS 5 (5.6). The resulting spectral curve is actually reducible. It decomposes to the curve
and a similar one, obtained from (6.3) by replacing w with −w. Using the Virasoro constraints we obtain
The reducibility of the curve can be traced to the fact that the rotation of the string in S 3 ⊂ AdS 5 can be considered as rotation along S 1 , i.e. we have effective dynamics only in AdS 3 .
Let us consider other non-trivial examples of rigid strings in AdS 5 . Their algebraic curves are genus-3 in general. The first solution describes a circular string with equal spins S 1 = S 2 = S in AdS 5 . Starting with the following ansatz
we obtain from the equation of motion for ψ and the first Virasoro constraint that
The above expressions for the derivatives allow us to compute the corresponding spectral curve in the familiar fashion. The constant current is again as in (5.6), and the curve is
Note that when c = 0 we recover (6.4) as expected. Let us provide a number of limiting cases, which may be of interest to the reader. First, in the limit where the string shape approaches that of a round circle we have c 2 → κ 4 4(w 2 −κ 2 )
, and
The large-spin limit S/ √ λ ≫ 1, which is satisfied by κ = w ≫ 1, of the string solution (6.5) yields the algebraic curve
Another particularly interesting case is the circular winding string in AdS 5 with ansatz 10) where n ∈ Z. The equation of motion for ψ translates into c = n sinh 2 ρ 0 , while the first Virasoro constraint gives (w 2 + n 2 ) tanh 2 ρ 0 = κ 2 . All this leads to the following spectral curve Finally, we will analyze the circular string with ansatz
This solution describes a string with two unequal (in general) spins S 1 = S 2 in AdS 5 . In order to obtain the algebraic curve, first we need to change the coordinates (ρ, ψ) to (χ, ξ) defined accordingly
Making use of the equation of motion for ξ and the conformal constraints, we obtain
After that we apply the procedure outlined in Section 2. The constant current is 15) and the spectral curve is of the form
The large-spin limit, in which the spins become equal to each other (S 1 = S 2 = S) and S/ √ λ ≫ 1, is imposed through the condition κ = w ≫ 1 in (6.12). The algebraic curve that follows coincides with the one in (6.9), because the two solutions are intimately related.
Conclusion
One of the main tools for comprehension of the inner mechanics of the AdS/CFT correspondence has been the classical integrability of the AdS 5 × S 5 string. It allows the existence of a flat connection, on which we build an infinite number of conserved charges through its monodromies. The eigenvalues of the monodromy operator enter a particular Riemann surface known as spectral curve. The curve encodes all viable data about the string solution and paves the road for its semiclassical quantization. For these reasons and following the recent resurgence of interest in this field [21, 22, 23] we have constructed Lax operators and corresponding algebraic curves for an array of classical string solutions in AdS 5 × S 5 . In addition, we have studied various special cases. A possible continuation of this work that we intend to pursue is the extension of our results to other backgrounds such as AdS 4 × CP 3 and other classes of string solutions.
In general the equations can be solved in terms of elliptic functions, but the expressions are rather complicated, and so we will analyze only particular simple cases. For example, if c 1 = c 3 = 0, we obtain that γ(σ) = γ 1 β(σ) with γ 1 = const.
After we have obtained the currents j τ and j σ we set the following ansatz for the group element There are actually only three independent functions to be found because of the condition det g = 1. The equation j τ ≡ g −1 ∂ τ g gives a set of algebraic equations, from which we can express two of the functions in terms of the third. Then the relation j σ ≡ g −1 ∂ σ g provides a first-order differential equation for the last remaining function. Thus one can reconstruct the initial string solution. Note, however, that in general there are severe computational difficulties in carrying out the above procedure. For this reason we will only provide as examples the expressions for β and γ. First, in the case of circular strings with solution (3.2) the corresponding curve is given by (3.13). Using the machinery described above, we find that Roughly speaking, the dependence on σ is exponential, which is expected of circular strings.
The second example is the folded spinning string satisfying the Virasoro constraints, with curve given in eq. (6.31) of [23] . The expressions for β and γ are
(A.10)
They are given in terms of Jacobi elliptic functions as expected.
B Reconstruction of string solutions from spectral curves in S S , (B.1) 4 We have assumed that c 0 = 0, which conforms to the curves obtained in the present paper.
where S = exp τ σ 3 c 4 /2 . Again we can express three of the functions, say δ, ξ and η, in terms of β and γ. With the help of the equations of motion and the MC equations we obtain two first-order nonlinear coupled differential equations for β and γ
